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@ Introduction and motivation

© Zubarev formalism and transport coefficients
© NJL model description of QCD

© Transport coefficients

© Summary
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Temperature T [MeV]

Net baryondensity n/ ng
Ny=0.16 tm3

Methods to explore phases of QCD

@ Low-energy sector - chiral perturbation theory
@ High temperatures and/or high densities - perturbative QCD
© Finite temperatures and low densities - lattice QCD

e Intermediate temperature/densities - effective models: NJL model,
Dyson-Schwinger
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hydrodynamic expansion

pre-equilibrium

CGC “Glasma” Hydrodynamics Hadronic gas

Dynamical stages of ultrarelativistic heavy-ion collisions

@ Pre-equilibrium
At proper times 7 < 1 fm after the collision the distribution of particle momenta in
the expanding fireball of QGP is not thermal.

@ Thermalization and hydrodynamic flow
Attime scales 1 < 7 < 4 fm local thermal equilibrium is achieved, and the
evolution of QGP can be described by relativistic fluid dynamics.

© Hadronization and freeze-out
At 7 2 5 fm QGP undergoes a phase transition to the hadronic phase and goes out
of equilibrium. In this stage the particle flows should be described by kinetic theory.
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Zubarev formalism and transport coefficients

Fluid dynamics is an effective theory which describes collective phenomena in

many-particle systems in low-frequency and long-wave-length limit.

@ Relativistic fluids are described completely by the energy-momentum tensor 7#¥
and conserved particle 4-current N* — 14 variables

OuTH =0,  BN* =0

— 5 equations.

@ THY and N* can be decomposed as (Apy = guv — Uplty)

™" = eutu” — pAFY —TIAMY + 7t + gHu” + ¢"u*,

ideal part

dissipative part

@ We have the following dissipative quantities

II

v Sald
gt
Jh

Landau frame: ¢ = 0; Eckart frame: J* = 0

bulk viscous pressure
shear stress tensor
energy diffusion flux

particle diffusion flux

(1 component)
(5 components)
(3 components)

(3 components)

= 9 variables

@ To close the system (1) one needs an equation of state p = p(e, n) +

9 transport equations for the dissipative quantities.

NH = nut + J¥
NN
id.

€]

diss.

v
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Zubarev formalism and transport coefficients

Dissipative fluid dynamics

@ Ideal fluid dynamics
Based on the assumption of local thermal equilibrium
= no dissipation: IT = 7#¥ =gt =J* = 0.

e Relativistic Navier-Stokes (first-order) theory
Linear constitutive relations beween dissipative fluxes and thermodynamic forces
= suffers from acausality and numerical instability in some reframes, but causal
versions exist.

Various methods to derive transport equations and transport coefficients

@ Kinetic theory: based on the Boltzmann equation for the quasiparticle distribution
function => applicable for systems with well-defined quasiparticles.

@ Kubo-Zubarev formalism: based on the generalization of the Gibbs canonical

ensemble for non-equilibrium states = applicable for strongly interacting systems.

@ Holographic methods: based on fluid/gravity duality =- applicable for certain
class of field theories in the limit of infinitely strong coupling.

D. Zubarev, Nonequilibrium Statistical Thermodynamics, Studies in Soviet science.
Consultants Bureau (1974).

D. Zubarev, V. Morozov and G. Ropke, Statistical Mechanics of Nonequilibrium
Processes, John Wiley & Sons (1997).
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Zubarev formalism and transport coefficients

Local equilibrium statistical operator

@ Thermodynamics of quantum systems is described via the statistical operator /()

(density matrix), which in thermal equilibrium is given by the Gibbs distribution
peq =2 " exp [—E(FI—W)]
@ In an arbitrary reference frame we replace H— 75,,u”, and substitute
P, = / ExTo,(x), N = / &xNy (x).
@ The Lorentz-covariant form of the Gibbs distribution reads (x = (x, 1))
pra =2V exp{ = [ x5 Tos o) — o]}
@ In local thermal equilibrium B — B(x), p — p(x), uy — uy(x), and

Pea(B, 1y i) = [ B(x), (), ().

Local equilibrium distribution cannot describe irreversible processes!

sl



Zubarev formalism and transport coefficients

Hydrodynamics— Solving the Liouville equation

and transport
for strongly
correlated The NESO /(t) should be found from the Liouville equation (Heisenberg picture)
Sy stems from
projection do(t
operator ﬁ =0. time-reversible!
formalism dt )
A Sedrakian
@ Imposing an initial condition p(ty) = p;(ty), we find a formal solution
Zubarey ﬁ(t) = ﬁl(to)v t > 1.
formalism and
&::,K:mx @ The required irreversible solution for NESO can be obtained by averaging the
solution above over all possible initial states from —oco < #p < ¢
1 t t
p(1) = lim — / di pi(to) = lim & / dto e#0=1 py (19),
T—oo T J_7 e=+0 J_o
where we used Abel’s theorem.
This operator satisfies the Liouville equation with an infinitesimal source term
dp(t
40) =— lim e [p(r) — pi(2)]. time-irreversible!
dt e—+0 )
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Zubarev formalism and transport coefficients
Non-equilibrium statistical operator

Now the full NESO can be written as
o) = Q_le_;""é, 0= Tre_;‘""é,
where

A() = / [ 8 (4) T, (x) — (Mo ()]

is the local equilibrium part with ¥ = Su”, o = [, and

B() = Egrﬂl_o dx) /_too dty €D C(xy),
EW) = Fu@0H8 () — Ru()d al).

The operator Bisa thermodynamic “force” as it involves the gradients of 3, y and u,,.

Naturally, it can be identified with the non-equilibrium part of the statistical operator.

If B = 0, we recover the local equilibrium statistical operator

pi(t) =07 e, Qr=Tre .

9/31
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@ Now we treat the non-equilibrium part B of the NESO as a perturbation

@ Statistical average of any operator X (x) can be written as

Zubarey X@) = Tlp(OXW)] = X + X@) + ...,

formalism and
transport
coefficients where

G = [t (k@) +.

@ The two-point correlation function is related to the retarded Green’s function

()?(x),é‘(xl)) = _%/:;odt/ GEax —x1,t—1).

10/31
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Hydrodynamics

v — Matching conditions
for strongly
correlated
systems from . . .
projection @ The fluid 4-velocity u,, should be connected to one of the physical currents.

operator

formalism @ Landau-Lifshitz frame: u w is connected to the energy flow

A Sedrakian
uy (THY) = (éu”, where € = u,u, THY.
@ Eckart frame: u,, is connected to the particle flow
Zubarev
formalism and & R R o
transport <N’u> = (n)u“, where n= MMN“.
coefficients

@ The temperature and chemical potential are well-defined only in full thermal

equilibrium. In non-equilibrium they are defined via the following matching
conditions

(€)= (@), (X)) = (Al

11/31
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Hydrodynamics— Navier-Stokes limit of the transport equations

and transport

for strongly
correlated
systems from @ The thermodynamic force to the first-order in gradients can be decomposed as
projection
operator ) §
formalism ~ PN . v / n \ P
C=—pBp 0+Biuvo Ju——Gu ) Via,
A Sedrakian h™ ",
— — v _
where 0 = Buu“, Vp, = Auua s Opv = v(a”ﬁ)
@ In this approximation we obtain the relativistic NS equations (Landau frame)
Zubarev
formalism and
transport I = —C97 Ty = 2770,ulfa Ju \\7/,r\_
coefficients

@ Three (first-order) transport coefficients:

¢ — bulk viscosity
n —  shear viscosity
x — diffusion coefficient
2
K = (6 j;p ) x — thermal conductivity
n

@ Navier-Stokes equations imply instantaneous response of dissipative fluxes to
thermodynamic

12/31
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Zubarev formalism and transport coefficients

Second order hydrodynamics [Ann. Phys. 438 (2022) 168755]

Keep up to second-order in gradients in which case the generalized thermodynamic force
is given by

where C| and C; are the first- and the second-order contributions, respectively

o
=
=
&
Il

—BOp* + Birpoc?” =Y FIVo0u,
a

D
N
=
)
[

—p* (116 + 8.q* — q*Duy — 7o) + Z&;aujff
— Z]",Bh71 ( — VoII + IIDus + Dgo + g" Optic + qo6 + aﬂg).

The new important feature is the relaxation equations for dissipative terms which, for
example, for the shear-stress tensor have the form

7—1r7:";u/ + 7Ty = 2nou + 5\71-97T;1,u e >\90'p.u TP )\1r0'0(</,1.0'3>

+ Y M VwaVisay .
ab

The response of the system to forces is not instantaneous — relaxation type equation!

v
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Kubo formulae: Relations between the transport coefficients and correlation functions

n= S L) M) = i/ooo aret [ ar(lan(r,). " O))o
o= —gacm@)| . 18w =i [T are [ a0, O
14 T T v
n= g ™| 1) =i [Tae [ a5

with 7, being the shear viscosity tensor and thermal and electrical currents defined as
T = A Tag, qu = AuaugT*® — hA LN,
Ju = A,ua-,ay Ju = 1;@'7;141[)7 A/,Lu = 8uv — Uply.

h is the enthalpy per particle.

Concrete examples of computations in QCD (NJL model)

A. Harutyunyan and A. Sedrakian, Bulk viscosity of two-flavor quark matter from the Kubo
formalism. Phys. Rev. D 96, 034006 (2017).

A. Harutyunyan, D. H. Rischke and A. Sedrakian, Transport coefficients of two-flavor
quark matter from the Kubo formalism. Phys. Rev. D 95, 114021 (2017).
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Zubarev formalism and transport coefficients

Hydrodynamics
af':i ;ﬁg;gl)y“ The QGP phase of heavy ion collisions are well described by hydrodynamics — dissipative
correlated effects are accounted in terms of transport coefficients
systems from
projection
operator
formalism
. hadronic phase
A Sedrakian QGP and
L hydrodynamic expansion and freeze-out
initial state y
Zubarey .*-;r, !
formalism and o ey
transport '.‘ W
coefficients
pre-equilibrium 8
i CGC “Glasma” Hydrodynamics Hadronic gas

Fits to elliptic flow suggest low viscosity close to the universal bound

1

>
47

v |3

Fluid dynamics works surprisingly well for heavy ion collisions in the range of energies at
RHIC and LHC!
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fydodynamies — Methods for transport coefficients

and transport
for strongly

correlated @ Linearized Boltzmann Equation: applicable for weakly interacting systems and e.g.
systems from Fermi-liquids (quasiparticles) not far from equilibrium
projection
f“{’“fi‘,“" @ Direct numerical solutions of the Boltzmann equation: typically little insight and
o control over approximations
A Sedrakian . . 2 g
@ Real-time evolution of propagators (Kadanoff-Baym): truncation of self-energies,
numerically complex problem, but valid far from equilibrium (beyond
hydrodynamics)
Zubarey @ Imaginary time Kubo formalism - relates two-point correlation functions to

transport coefficients, valid in principle for strongly correlated system.

coefficients

The method of non-equilibrium statistical operator developed by D. N. Zubarev (1974).

X.-G. Huang, A. Sedrakian, D. H. Rischke,

Kubo formulae for relativistic fluids in strong magnetic fields.

Annals of Physics (NY) 326, 3075 (2011).

A. Harutyunyan and A. Sedrakian,

Bulk viscosity of two-flavor quark matter from the Kubo formalism.

Phys. Rev. D 96, 034006 (2017).

A. Harutyunyan, D. H. Rischke and A. Sedrakian,

Transport coefficients of two-flavor quark matter from the Kubo formalism.
Phys. Rev. D 95, 114021 (2017).
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Kubo formulae

Relations between the transport coefficients and correlation functions

=~ Saomnt)| e =i [T are [ arliguen. " o
o= —sCmitw)| 1w :i/ooo art [ ar((u(r.0." O,
1 d 7wt v
M=o )| Hﬁ(w)r’/o are / dr([m (7, 7), 7 (0)]o,

with 7, being the shear viscosity tensor and thermal and electrical currents defined as

T = A% Tag,  qu = AuaugT*® — hA LN,
Jp = Bpal®, Ju = QZQ’YM/’, Apy = guv — ply.

h is the enthalpy per particle.
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NIJL model description of QCD

The two-flavor Nambu-Jona-Lasinio Lagrangian

Consider two-flavor quark matter described by by the NJL Lagrangian with scalar (I" =

and pseudoscalar-isovector (I' = iy57)

L= 5 —moyb + 2 [0 + @GinsT)?]

Advantages: NJL has all global symmetries of QCD: SUy (2) x SU4(2) x Uy(1). It
features chiral symmetry breaking with pions emerging as the Goldstone modes.
Shortcomings: NJL does not confine at low energies. It is non-renormalizable, and a
momentum cutoff (p < A) is applied to regularize the ultraviolet divergences.

1)

Input parameters:  my = 5.5 MeV, G = 10.1 GeV, A = 650 MeV,
Output parameters: m = 325 MeV, m; = 140 MeV, f = 92.4 MeV,

The energy-momentum tensor, particle current and electric current read as
i _ _ .
Tuv = E('@Z)’Yuaﬂb + d”YVa/ﬂf’) - gul/£7 Ny = Yy, Ju = 'QZ)QWLNZ’

where Q is the charge matrix for # and d quarks.

18/31
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NIJL model description of QCD

Quark masses

Quasiparticle propagators of quarks are given by

S, wm) = Af o Ay Y0
T iom — By iwm + Ep

Dynamically generated (Hartree) mass is given by

. A2
m=mo+GlEw), (b0 ==L [ L1 —nt (6) - ™ (&)
s 0 Ep

Diagrammatically the dynamically generated mass is given by

— = —--p-- -
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NIJL model description of QCD
Mesons masses
The meson propagators are obtained from the Bethe-Salpeter equation
G —8i

- - D , —
I_GHM7 M(POP) 2

Dy = G+ GIllyDy = e R
Py — P~ —my, +ie

where the quark-antiquark polarizations for sigma meson and pion IIy;, M = o, 7 are
given by the formula

dq
Iy (p,wn) = —T Tr[CmS(q + p,wm + wn)TuS(q, wm)]
M ,gz/ (2m)? mo\g T p m>(q

withl'e = 1, Ty = ivsT,j = 1,2,3.

Diagrammatically the meson propagator is given by

o
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Hydrodynamics
and transport
for strongly
correlated
systems from 1200~ - -‘.“‘\ ' ‘“:‘0”7 tl \“ ' ‘H:‘gf [ i [ i ] ~
projection ——emp el b Srenal <
operator 8001 mg L Ty
formalism Jy — g’ 1
A Sedrakian r T N il
,,,,,,, i @ t © J
PR LE TS S R S s
e P=200MeV T==ow =200 MeV 7 4
|- " A T o —
00 + N p 4
b X ) T v @ 1
T R TR I TR AT M T T T e
NJL model 2 0 100 200 300 400 500 600 700
T [MeV] W [MeV]

description of

QCD The quark and meson masses; the dotted ~The Mott temperature Ty - solid and
lines show twice the quark mass. The chiral counterpart - dashed as well as
right panels correspond to the chiral limit  the temperature Tmax as functions of the
mp = 0. chemical potential.

Mott line and the maximal temperature where the solutions for meson masses are found.

The computation of transport coefficients is relevant to the shaded area, i.e., between the J
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Hydrodynamies — Power counting scheme for NJL Lagrangian

and transport
for strongly
correlated .
systems from @ each loop gives a factor N,
projection which arises from the trace in
operator the color space
formalism
. g o aa’ o o'
A Sedrakian @ each coupling G (which is Huu’ (wn) = P* W P

associated with a pair of T'0
s/ps

matrices) gives 1/Nc

0 ’

] ) ) s/ps + P P
vertices the leading diagram in G

1/N, approximation is the one |
that has the maximum number of

NJL model loops

description of . . 3
QCD @ second line type diagram vanish

for (a) pseduoscalar vertices due T
to the trace in the Dirac space,
(b) for scalar vertices the

integrand is odd in momentum

@ for any given number of I"

+ D" P + 0(G?)

v

Bottom line: In 1/N. counting scheme the leading order diagram is given by the single
loop with full propagators. J
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NIJL model description of QCD

The dominant process: meson decays into two quarks and its inverse for 7' > Ty

P—q,Wwp —Wnm

INYs Ty

q,Wn

= T;/ (szq):; [FMS(q7Wn1)FMDM(p —q,wp — wm)] ,

the index M = 7, o indicates the meson and 'y = 1 and I'x = iys7

Decomposition of the self-energy is given by

ZM(p7 wp) = PMmZ)§u + iw,,'onSl —p’yE{,”,

where P, = 1, Pr = —1 (parity conservation, translational and rotational invariance,
time-reversal invariance). The three components of spectral function

Analogous decomposition of the spectral function is given

1
A(po,p) = —;(mAs + povoAo — pYAY).
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Hydrodynamics — Transport coefficients

and transport

for strongly
correlated
systems from A
rojecti NN, > 9
Foecon ) -y e (T R R e
formalism 63T Oe 0
A Sedrakian X o = 3(e = 20)] + 2[A0(p, ©) + A (p,€) (¢ — 20)] P },
40N, o
o = S e / dpp? (342 (p, ) — 343(p, )2 + A2(p, )],
2772 J_ B
Transport NcNf oo on A a 3 3 3
fficients = de — d 5A — 542 A
coefficients n 1571—3T/ 585/0 Ipp [ S(P a)m (p 8)6 + (P ) ],
and combinations
n 1 K .
= > — (KSSbound) — x T (Wiedemann — Franz law)
s 47 o
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Lorentz components of the imaginary part of the quark self-energy

(]

4

— T T — T —T T
< u=0 (@) | u=300MeV (d) [ p=300MeV (2)
4 Imz [ anti-quarks —— quarks —
CSaN, - ImZ: LN I~ x10 |
| T‘Z 220 ‘I\/IeV | T‘: 100 ‘IVIEV | T‘: 100 MeV
. . . . . . , . . . . .
t t t t t t t t t t t
FYEVARN (b), (e)_| (h_|
AN o~ i~
IR L! '~ - + 7/ '\'\ + 7 ‘\_\ x5 |
E 0 ! 7 - )/ T~
pad N \_-"
M7 T =300 MeV T T =200 MeV T T =200 MeV 7|
—————— —————— ——————
8 - S T _. O _ H—
L/ S I VAN AN x3 |
! el / e |/ \-“*-~.
o AN — — N Lo == N ==
L \_-" T=380MeV ] '~-7 T=300MeV ] ‘<=7 T=300MeV |
PR IR I B PR IR S B PR BT 1
[ 100 200 300 (0] 100 200 300 0 100 200 300 400

p [MeV]

Small-p asymptotics is different for (mi, - 27712) /2m > T and < T} in the first case contributions are not
suppressed, in the second case they are.

In the large-p limit the integration range is broad and this asymptotics is controlled by the statistical effects (the
cut-off by the distribution functions of the high-momentum contributions)

At the same time the distribution functions cover phase space with higher energies. Combined this leads to an
increase of the imaginary parts of self-energies of quarks and anti-quarks with temperature, which is well

pronounced for high momenta.
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Lorentz components of the spectral functions of quarks, which are shown at three energies
e1 = 100, e, = 300, and €3 = 500 MeV.

060

— T T T 1 — T T T T 1 — T T T T ]
0.1 [T = 220 MeV i (2)—1—T = 100 MeV (d)——T = 100 MeV (&)
[ u=0 53'. _|anti-quarks, p = 300 MeV/| quarks, p = 300 M%:V i
0.05 |- e i - ! |
A Iy '\ | x107 | i
e WS A | 1
> T S — T T ST
> T —F——F———
= T=300MeV ¢ f1( | T =200Mev ) |
-
2 0.005 | B ,/ - .’\ —
3 -1
3 x10 i
4 L i
] , A
= == T ——————H
T (c) | T=300MeV ()| T=300MeV / v )
0.005 — \
\
o =1 T ;
0 200 400 600 200 400 600 200 400 600
p [MeV]

The quasiparticle peak in the spectral functions appears forp >~ €.

In all cases it is seen that the height of peaks increases with the quark energy.

The quasiparticle peaks are broadened with increasing temperature and are replaced by more complex structures

in the high temperature regime, see (c)-(f)-(i).
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: M —— u=10MeV -—-u=100MeV§

A Sedrakian & 10E i
g ]

; F.""wwé

- u=100 MeV =200 MeV ]
b =200 MeV ] 5 = 1=250MeV
ol S, - u=250MeV | e

o [GeV]

coefficients

@ To remove the effect of the variations of the position of the Mott line with the chemical potential, we show the
conductivities with the temperature axis scaled by corresponding Ty (xt).

@ The conductivities (the convergent part in the case of ) display a universal dependence on this scaled
temperature, their values being only shifted by a y.-dependent constant.

V.
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Dependence on p

K [GeV?]

M [GeV’]

— T=150MeV
-- T=200MeV
Ay
\

[

[

> i 3
-y ] g 4
9 | [ 7
o | 3
001 | 4
P il e, | ]
0 100 200 100 200 300

1 [MeV] 1 [MeV]

@ The conductivities are nearly independent of the chemical potential away from the Mott transition line.

@ Only close to this transition the conductivities increase because of the vanishing of the spectral width.

J
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Fits to our results

Fit formulae for the numerical results

@ Fit the Mott transition line

1— \/,WE*W/(W}’) 0 S y S 057
Tﬁt =T
M (1) 0{ V1551 —y) +0.04(1—y)2 05<y<]I,

y = p/ po, where pg = 345 MeV.

@ All the transport coefficient can be fitted with a generic formula

T —Q
xie = C (*) explary + a2y* + a3y°],  xni € {0, 5,1, 1/s}.

Tm

@ The fit parameters are given by

Xiit C o a ap as
o 0.0305 6 2.64 1.23 2.67
K 0.3130 6 2.90 1.0 2.63
n 0.129 6 2.77 1.16 2.54

n/s 1.49 9 3.89 1.72 3.47
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Gluons are important for the large temperatures

i,

0.8

0.6

nis

0.4

0.2

® result

o fit
GRG/HTL

o lattice
KSs

adapted from N. Christiansen et al, arXiv:hep-ph 1411.
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Summary

Hydrodynamics L i

and ransport Conclusions on transport coefficients
or strongly
correlated

systems from
projection
I‘ﬂ’“‘":““‘ @ Obtained Kubo formulae from Zubarev formalism for the electrical and thermal
ormalism o e ~ .. . . .

conductivities of relativistic quark plasma taking into account the full Lorentz

A Sedrakian structure of the self-energies (spectral functions) of the quarks.

@ Our Kubo formulae for conductivities have generic validity and can be applied in a
broader context of field theories of relativistic plasmas, in a straightforward manner
when the vertex corrections are suppressed.

@ The conductivities are decreasing functions of temperature at fixed chemical
potential; they show nearly universal behavior when temperature is scaled by the
Mott temperature, i.e. as a function of T/Ty.

@ Provided simple fit formulae for the electrical and thermal conductivities with a
good relative accuracy which can be utilized in numerical simulations of
magneto-hydrodynamics of quark plasma.

Summary
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